The shape energy of a fluid membrane was formulated previously in terms of the socalled Helfrich Hamiltonian [W. Helfrich, Z. Naturforsch. C 28 (1973), 693; H. J. Deuling and W. Helfrich, J. de Phys. 37 (1976), 1335]. Although the shape deformation might be minor, it should play an important role in the case of a membrane in the proximity of instabilities. Here, we extend the work of Ou-Yang and Helfrich [Ou-Yang Zhong-Can and Wolfgang Helfrich, Phys. Rev. A 39 (1989), 5280; Ou-Yang Zhong-Can, Liu Ji-Xing and Xie Yu-Zhang, Geometric Methods in the Elastic Theory of Membranes in Liquid Crystal Phases (World Scientific, Singapore, 1999)], expanding the bending energy up to fourth order in the deformation function with the help of theoretical tools from differential geometry.
§1. Introduction
In recent years, the morphology of fluid thin films with unusual topologies has become a subject of intense experimental and theoretical study. Study of the selfassembly of fluid thin films is a challenging field with implications for both chemical technology and biology. 5), 6) The variety of shapes and sizes seen in experiments, such as micelles, vesicles 7) and microemulsions, 8) is related to the flexibility of the amphiphilic interface with respect to changes in geometry. In many cases, the domain sizes are much larger than molecular scales, and the interface can be regarded as an interfacial film (fluid membrane). Although fluid membranes can be composed of many different types of chemical species, their behavior can be investigated by considering the free energy corresponding to the deformation of the membrane. 6), 9) In general, the deformation of a membrane usually leads to changes in both the average density of the membrane and its surface curvature. In most cases, the former is a higher-energy process and hence is less important than the latter at low (or room) temperatures. In this paper, we consider only the latter (the shape free energy of fluid membranes) in the limit of gently curved interfaces, in which the radius of the membrane curvature is sufficiently longer than the thickness of the interface. Helfrich first deduced the elastic energy of a curved membrane within the framework of Frank energies 10) for a nematic liquid crystal. He derived an elastic free energy of the membrane taking the form
where H and K are the mean and Gaussian curvatures for a curved membrane, which are defined in §2, and dA is an area element. The second term in Eq. (1) is ignored due to topological invariance (the Gauss-Bonnet theorem) in the case of a closed system. Here c 0 is the spontaneous curvature, and κ andκ are the bending rigidity and saddle-splay modulus for the Gaussian curvature, respectively. This model has been employed to investigate the high deformability of the red blood cell. The shape of a red blood cell can be determined by computing the minimum of the elastic free energy of its membrane (lipid bilayer). In that case, the presence of c 0 arises mainly from the asymmetry of the two lipid layers, which can be maintained by extremely slow flip-flop motion of lipids. In the Helfrich model, the spontaneous curvature c 0 is closely related to the orientational order on both sides of the membrane and arises from the spontaneous splay of the liquid crystal state. In other elastic models capable of exhibiting spontaneous curvature, the flexoelectric effect of the membrane has been taken into account, where the relations between c 0 , the membrane potential, and flexoelectric constants were also found. The predicted values for these quantities are consistent with experimental data. In addition, other microscopic elastic models for Eq. (1) have been proposed and also predict the existence of c 0 . 11) In addition to the application to fluid membranes, Eq. (1) describes many other systems, such as the elastic energy, excluding the shear modulus of carbon nanotubes 12) due to electronic band structure, where c 0 = 0. The Helfrich Hamiltonian is quite general and for this reason worthy of detailed study, although it is not the unique model for describing biomembranes (e.g. there is the ADE model 13) ). Typically, thermal fluctuations are much smaller than the bending modulus of a biomembrane. However, high-order corrections to perturbative calculations of surface elastic energies should play a significant role when the system is close to an instability. In the vicinity of an instability, the lower-order terms (first to third order) may be null, and higher-order terms may help us to locate the region of stability. With higherorder corrections, we can estimate the stability conditions in a more precise way. In this paper, we follow closely the approach developed by Ou-Yang and Helfrich 3), 4) and calculate the higher-order terms in the energy variation due to changes in shape of the membrane.
Translational motion parallel to the surface simply generates new parameterizations of the surface. However, a deformation normal to the surface corresponds to a physical change in shape. Therefore, here, we employ the normal gauge for a surface change in shape; i.e., each surface point moves in the normal direction at that point. Here we define the shape variation function to delineate the deformation of the surface. Armed with tools taken from differential geometry, we obtain the energy variation up to fourth order in the shape variation function. This paper is organized as follows. In §2, we briefly outline the basics of differential geometry and define the notation employed in the paper. This notation includes the expressions of the so-called first, second and third fundamental forms. In §3, the necessary formulas are derived for the order-by-order calculations. In §4, we present the calculated results for energy variations up to fourth order in the shape change parameters. In §5, we consider several applications of the energy variation for membranes, in particular, treating cylindrical, spherical and toroidal cases. §2. The basic differential geometry and notation
In this section, we define the notation we use and briefly touch upon some identities employed in this paper. The derivations of the differential geometry formulas are well-documented and the reader is referred to Refs. 3),4) and 14)-16) for details.
A curved membrane can be described by a 3D vector function R(u 1 , u 2 ) in Cartesian coordinates, with components R a (u 1 , u 2 ), where a =1, 2, 3, as functions of two independent parameters (u 1 , u 2 ) defined within a region on a plane.
The differential distance ds between two neighboring points R and R + dR is given by the first fundamental form ds 2 = dR · dR = g ij du i du j , where g ij is defined by g ij = (∂R/∂u i ) · (∂R/∂u j ) and represents the ij element of a 2 × 2 matrix. The indices i and j run from 1 to 2, as do the indices k, l, m, n, p and q in the following discussion. In this paper, we also employ the Einstein summation convention.
The inverse of the matrix g ij is written g ij . Here, g stands for the determinant of the matrix g ij and R ,i represents the derivative of the vector function R with respect to u i . The unit vector normal to the surface at the point R will be denoted by n, which is related to R ,i and R ,j via
(Note that (2) yields |n| = 1.) Here ij is defined by
The second derivative of the vector function R is decomposed along the directions R ,i and n, which is delineated by the so-called Gauss equation,
where the curvature tensor L ij is given by 
Note that Eq. (4) implies the Weingarten formula,
We also introduce the inverse of the curvature tensor
Here L stands for the determinant of the matrix [L ij ]. The Gaussian curvature, K, and the mean curvature, H, of a curved surface are related to the tensors L ij and g ij through K = L/g and H = g ij L ij /2. In differential geometry, the third fundamental form also gives the relationship between the curvature tensor and the metric tensor as
or
To characterize the deformation of a surface, we introduce the deformation function ψ(u 1 , u 2 ), and the deformed surface is described by the new vector function R , given by
where the second term represents a real deformation and does not contain the contribution due to the representation of the surface. 3), 4) To calculate the energy variation due to a surface deformation, carried out in subsequent sections, we frequently exploit the following handy formula for the expansion of the determinant of a 2×2 matrix [A ij ]: 
With the help of Eqs. (10) and (11), we simplify the variation δg to
where O(ψ 5 ) refers to terms of order higher than four in ψ.
The variation of √ g is given by the binomial theorem:
By substituting Eq. (12) with A ij being g ij into Eq. (13), we arrive at
By using the identity g ij = ik jl g kl /g, Eq. (10) is recast into the form
(15) Combining Eqs. (11) and (12) yields δg ij in the form
In the following discussion, δ (n) f represents the term of the variation of the function δf at n-th order in ψ. 
With the identities
Eq. (17) can be rewritten as
where
The expression for the third-order variation of n is given in Eq. (3.26) of Ref. 4). As found from Eq. (4), the variation of L ij is given by
Writing δL ij as
and making use of Eqs. (3) and (19) and the relations
we obtain the following expressions for the expansion of L ij :
The expression for δ (3) L ij is given in Ref.
3), and the covariant derivative of ψ,
The variation of H is readily obtained from the relation
From Eq. (26), with the combination of Eqs. (16) and (24), the expansion of H up to fourth order is derived as follows: (2) H was missed in Ref. 4) due to a typographical error, but it does appear in Ref.
3).) As is well known, the area of the surface is given by A = g 1/2 du 1 du 2 . With the aid of Eq. (14), the variation δA is easily obtained as
The volume element dV is defined by dV = R · n/3 and its variation is
We have thus obtained the fourth-order expansions of g, g ij , etc. §4. The fourth-order energy variation for a vesicle
Now we are in a position to derive the fourth-order variation of the shape energy via the formulas obtained in §2, employing the approach of Ou-Yang and Helfrich. 4) Helfrich proposed that the shape energy of a vesicle be written 1), 2)
where ∆p and λ can be treated as Lagrangian multipliers associated with the constant volume and area constraints. For convenience, we define F c as
and the variation δF c results in
dA + 2κc 0 δ (4) HdA + 2κδ
Armed with the expressions of δH, δ(dA) and
we obtain δ HdA as
In analogy to the derivation of Eq. (34), we find
and δ
Although Eqs. (34) and (36) are complicated, their validity has been verified in the special case in which the function ψ is given by ε sin θ cos φ, where ε is a small constant, independent of θ and φ. A more detailed derivation is given in Appendix A. §5.
Examples and applications
In this section, we present some applications of the variation of the shape energy. We demonstrate the use of the derived formula of the fourth-order variation of the shape energy on deformed spherical and cylindrical vesicles. We also apply the variation of the energy up to third order to a deformed torus.
We begin with the case of deformed spherical vesicles, which we limit to ellipsoids of revolution. Such surfaces are studied in Ref. 4) 
respectively. Therefore, the fourth-order variation of 
where we let η = δV /(4πr 3 /3). Equation (39), together with Eq. , and (c) and (c ), respectively, with κ set to unity for convenience. The solid curves show that whenever c 0 r < −1.2, the deformed sphere with oblate shape has a lower elastic energy and is more stable than that with prolate shape. Up to third order corrections, the oblateto-prolate transition is tuned only by c 0 r. With the fourth-order corrections, the dashed curves reveal that, in addition to c 0 r, the oblate-to-prolate transition is also governed by the value of η. As η is shifted to a large negative value (the deformation |η| becomes large), the value of c 0 r for this transition increases significantly. Now we consider the case of a cylinder, whose surface can be parameterized by the variables θ and z through the vector function
where L 0 is the height of the cylinder. A slightly distorted cylinder can be described by the function ψ,
where m and n are integers running from −∞ to ∞ and b * mn = b −m −n for real ψ. The geometrical tensors, such as g ij , g ij , etc., are given in Refs. 3) and 4). After substituting these terms into Eq. (3.85) of Ref. 4 ) and combining with Eq. (43), we arrive at the variation of HdA to third order in ψ:
Here, B ( 
Similarly, Eq. (34) is recast into the form
and Eq. (36) reads
where B (4) and II represent the product b m 0 n 0 b m 1 n 1 b m 2 n 2 b −(m 0 +m 1 +m 2 ),−(n 0 +n 1 +n 2 ) and the summation taken over m 0 , m 1 , m 2 , n 0 , n 1 , n 2 , respectively. From Eq. (28), we also have
To illustrate the role played by δ (4) F , we consider the case of a cylinder with a special deformation function ψ = 2b 1 cos θ. It is straightforward to rewrite ψ as As long as c 0 ρ > −4.5, Eq. (49) implies δ (4) F > 0, and the shape of the cylinder is stable with respect to this deformation. Now, we specialize to the case with ψ = 2b 2 cos 2θ, and we obtain
Therefore, the variation of F up to fourth order in b 2 becomes
We depict δF as a function of b 2 /ρ with fixed c 0 ρ values in Fig. 2 . The solid and dashed curves are associated with Eqs. (50) and (51), respectively, and the prefactor 2κπL 0 /ρ is set to unity for convenience. When c 0 ρ < −0.5, corresponding to curve (c), the vesicle is unstable with respect to this deformation, and it grows without bound. When c 0 ρ > −0.5, corresponding to curve (a), the vesicle is stable with respect to this deformation and the surface returns to that of the undeformed cylindrical vesicle. However, if δ (4) F is taken into account, the dashed curve (c ) reveals that as long as c 0 ρ is less than −0.5 and a perturbation with a small value of b 2 is applied, the shape of the cylinder will change into one of two stable deformed surfaces, for which the values of b 2 /ρ are approximately ±0.13.
In the last example, we consider the stability of a torus. A torus is defined as the surface consisting all points a distance r from a circle of radius R 0 > r. With c = r and cosh 2 η = (R 0 /r) 2 , the parametric equation for a family of tori is given by
where η is constant, φ varies from 0 to 2π, and θ varies from −π to π. 17) Use of the first-and second-order energy variations are discussed in Ref. 4) . We demonstrate an application of the third energy variation here. In accordance with Eq. (3.38) of Ref. 4) , the third-order energy variation δ (3) F is written
HdA + 2κδ
A detailed derivation and explicit expressions of Eqs. (53) and (54) 
We depict δF as a function of A 0 /r in Fig. 3 , where c 0 r is equal to 38, 38.45 and 39 for the curves (a), (b) and (c), respectively. This figure reveals the stable range for the amplitude of the deformation of a distorted torus. For curve (a), the torus is stable at A 0 /r = 0, but it becomes unstable when the value of A 0 /r is less than −0.1. The torus makes a transition from a stable to an unstable state at A 0 /r = 0 when c 0 r is approximately equal to 38.45 as shown in curve (b). For curve (c), the torus is unstable at A 0 /r = 0 and may move into a stable state at A 0 /r ≈ 0.13. §6. Summary
The shape energy of a fluid membrane was formulated previously in terms of the Helfrich Hamiltonian, where the bending energy is proportional to the square of the mean curvature with a constant shift of the spontaneous curvature. In order to determine possible shapes of a fluid membrane in the proximity of instabilities, it should be necessary to take account of high-order corrections of the elastic membrane free energy. Although such high-order corrections in the free energy can be obtained by numerical methods, analytic results would provide greater physical insight into the problem. The function ψ has been defined to characterize the shape change. Following the work of Ou-Yang and Helfrich, we have explicitly expanded the bending Hamiltonian up to fourth order in ψ with the help of tools from differential geometry. Based on the formulas derived for geometric quantities of the deformed surface, the expansion coefficients in the Helfrich Hamiltonian were expressed in terms of the metric tensor, the mean and Gauss curvatures, and so on. Although their expressions are complicated, they should be valid for many systems. In addition to the membrane action, the present formalism is also applicable to analysis of the deformed domain wall energy in the 3D Ising spin model. 18) Although the free energy was expanded up to sixth order in the shape function by Taniguchi et al., 19) our approach differs significantly from theirs. In addition, our analytic expression of the free energy is more general than theirs, although their result can be obtained in an easier way. Their formulas are expanded in polar and spherical coordinates for two-and three-dimensional vesicles, respectively, while ours, Eqs. (34) and (36), do not depend on any coordinate system and can be applied to any kind of membrane shape.
After obtaining the fourth-order expansion in ψ for the bending energy, we investigated its role by studying two cases -spherical and cylindrical surfaces. In the case of a sphere, we restricted our investigation to two deformed shapes, prolate and oblate. The analysis indicates that, taking account of fourth-order corrections, the critical value of c 0 r determining the oblate-to-prolate transition depends on the value of η, while this dependence, as shown in Fig. 1 , does not appear in the result containing up to third-order corrections. In the case of a cylinder, the special deformations with ψ = 2b 1 cos θ and ψ = 2b 2 cos 2θ were considered. In the former case, we have found the condition for stability with respect to such a deformation. In the latter case, we also predict two possible stable surface shapes, slightly deviating from a cylinder. Without results from the fourth-order correction, such predictions could not be made. Although the examples we considered include only a single mode of deformation, the formulas can be applied to cases with more complicated distortions.
Other membrane shapes, like tori as seen in blood cells, deserve investigation. We only calculated the variation of the shape energy of a distorted torus up to third order. Higher-order corrections of the free energy to such cases are left as a future work.
With the help of the properties of H and K, i.e., Eqs. (2), (3) and (6), it is not difficult to obtain the following relations:
To derive the first term of Eq. (A . 2), one can employ Eqs. (3) and (20), and note that R ,i · R ,j = g ij , R ,i · n = 0. We then obtain 
With the help of Eqs. (27), (28) derive the following expressions:
With Eqs. (27), (28) 
and then 
Appendix B The Third-Order Energy Variation of a Torus
To find the free energy expression in Eq. (53) for the case of a torus, we should calculate δ (3) dV , δ (3) dA, δ (3) HdA and δ (3) H 2 dA in advance. In this appendix, we give the derivations of these four terms for a distorted torus.
In the case of a torus, the shape equation leads to the conditions given in Eq. 
